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Abstract

We show that the spin dynamics of any pulse sequence with off-resonant pulses is identical to that of a modified sequence with
on-resonant pulses, including relaxation and diffusion effects. This equivalence applies to pulse sequences with arbitrary offset
frequency dwy which may exceed the RF field strength w;. Using this approach, we examine steady-state free precession (SSFP) in
grossly inhomogeneous fields. We show explicitly that the magnitude of the magnetization for each mode at an offset frequency dwq
is equal to that for SSFP with on-resonance pulses of rescaled amplitude, with the same dependence on relaxation times and dif-
fusion coefficient. The rescaling depends on offset frequency and RF field strength. The theoretical results have been tested ex-

perimentally and excellent agreement is found.
© 2003 Elsevier Science (USA). All rights reserved.

1. Introduction

Nuclear magnetic resonance in grossly inhomoge-
neous fields is becoming increasingly of interest in ap-
plications ranging from NMR oil logging to medical
imaging [1-5]. In extremely inhomogeneous fields, it is
unavoidable that the RF frequency of RF pulses differs
significantly from the Larmor frequency of most spins.
Under such off-resonance conditions, precession during
a pulse is important. This complicates the analysis of the
response to pulse sequences in inhomogeneous fields.
Various schemes for describing the effects of off-reso-
nance RF pulses have been used in the literature,
starting with the early work of Jaynes [6] and Bloom [7].
Our approach in this paper is based on the fact that any
rotation around an arbitrary axis can be decomposed
into a succession of three rotations around two or-
thogonal axes. In particular, the action of an arbitrary
rotation can be described by an initial z-rotation of
angle #, followed by a rotation of angle o around an
axis in the transverse plane, followed by a final z-rota-
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tion of angle 5. The angles o and u are closely related
to the Euler angles. An off-resonance RF pulse is then
equivalent to an on-resonance pulse with identical phase
but new angle a.r, preceded and followed by precessions
of angle 5. Therefore, for any pulse sequence with off-
resonance pulses, there is an equivalent pulse sequence
with on-resonance pulses that exhibits identical spin
dynamics, including relaxation and diffusion behavior.
Demonstrating the efficacy of this equivalence, we
consider the case of steady-state free precession (SSFP).
This pulse sequence consists of a long string of identical
pulses of nominal angle «, spaced apart by time 7. After
a time long compared to the relaxation time, the spins
reach a dynamic equilibrium [8-10]. The magnetization
in this dynamic equilibrium can be very sensitive to
diffusion [11,12]. In a recent paper [13], we have ana-
lyzed in detail for on-resonance pulses the dependence of
this equilibrium on diffusion, relaxation, pulse angle,
and pulse spacing. Here we demonstrate both theoreti-
cally and experimentally that this analysis can be di-
rectly extended to situations with large off-resonance
conditions using the general description of pulses indi-
cated above. We show that the magnitude of the signal
at an arbitrary offset frequency is equal to the on-reso-
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nance response with a modified pulse angle, o.gr. In
SSFP measurements, the pulse angle controls the rela-
tive importance of diffusion and relaxation -effects
[12,13]. This makes it possible to extract diffusion and
relaxation information from a set of SSFP measure-
ments with different pulse angles [10,12]. With an ex-
tended sample in a static gradient, the spectrum of a
SSFP experiment yields simultaneous measurements on
a continuum of angles o.. In this case, the original two-
dimensional experiment can be replaced by a simple
one-dimensional experiment.

In this paper we focus on the SSFP sequence for
which the equivalence is particularly powerful. How-
ever, the method is applicable to all pulse sequences.

2. Rotations in inhomogeneous fields

In inhomogeneous By fields, the RF frequency of the
pulse and the Larmor frequency of the spins differ sig-
nificantly for a large number of the spins. In a number of
recent applications, NMR measurements have been
performed in grossly inhomogeneous fields where the
offset frequency, dwy, can be much larger than the RF
field strength, w;. In such cases, the precession during
the pulses cannot be neglected. In a coordinate system
where the z-axis is aligned with the static magnetic field,
an x-pulse effectively rotates the magnetization about an
axis 1 =X+ "%2 that is tipped out of the transverse
plane, where the nutation frequency  is given by
Q= /0w + 0}

It 1s advantageous to make use of a very general

property of rotations to describe the effect of such off-
resonance pulses. According to the description of the
Euler angles, any rotation around an axis # with an
angle f# can be described not only as a succession of
rotations about the axes of the moving object, but also
as a succession of rotations about axes in the stationary
coordinate system [14]. This latter case is the one of
interest here because the By field selects out the z-axis. In
this case, the first rotation is around the z-axis, the
second around the x-axis and the third around the z-axis.
Thus, a rotation with net angle § around an axis 7 can
be decomposed as follows:
R(Br) = R((n + ¢)2)R(oerX)R(( — ¢)2). (1)
Here n + ¢, aer, and n — ¢ are the three Euler angles,
and ¢ is the angle between the x-axis and the projection
of i1 onto the x—y plane. The angles o.; and # have the
following interpretation. For a vector that starts out
along the z-axis, the angle o.q is the net amount the
vector is tipped away from the z-axis by the rotation,
and # is the net angle that its projection sweeps out
in the transverse plane.Without loss of generality, we
can set ¢ =0 and n = nx + n.z. In that case, Eq. (1)
reduces to

R(P#) = R(n2)R(%enX)R(n2). (2)
In terms of the angular momentum operator I, this can
be written as

elﬁ]-n — emlzzeme”]-xeml-z . (3)

In these equations, the angle oy and the phase n are
given by

COS tegy = 112 oS B + 1, (4)

with 0 < oer < 7, and
tann = n, tang, (5)

with || < /2 when n,sinff/2 >0 and n/2 < |y| <™
when n,sin /2 < 0. Egs. 2-5 can be verified using the
equations for the rotation matrix in [6] or by using the
expression for the net axis and net angle of the product
of three rotations, given in [15].

This decomposition of the rotation is particularly
useful for the analysis of off-resonance NMR pulses. Eq.
(2) shows that an off-resonance pulse with net angle £ is
equivalent to an on-resonance pulse of angle g that is
preceded and followed by precessions of angle #. In the
usual case of rectangular RF pulses of strength B} = yw,
and duration t,, the expression for the effective pulse
angle aegr and precession angle # reduces to

5(00 2
cos(aegr) = cos(Qr,) + (?> [1— cos(Qr,)], (6)

tan(n) = % tan <QZTP> (7)

Fig. 1 shows the dependence of ¢ and # on the offset
frequency, owy, and RF field strength, w;. Note that
with the convention of 0 < < 7, On resonance o 1S
given by ar(dwy =0) = w7, with n =0 for tipping
angles w; 7, between 0 and n. When the tipping angle is
increased further, the expression for oy on resonance
becomes 0 (dwy = 0) =21 — w7, with # =mn. With
our definition, the phase # in Fig. 1b is discontinuous.
However, at every discontinuity the phase factor jumps
between 0 and 4+ and the effective angle o, 1s zero or =.
As a consequence, the full rotation given by Eq. (2) re-
mains continuous. At a constant RF field strength and
pulse duration, the effective angle o.r can be varied by
going off-resonance. Thus, in an inhomogeneous field,
the magnetization for a range of values of oy can be
obtained simultaneously. However, the full range of o
can only be reached when the on-resonance tipping
angle w7, is equal to (2n + 1)m. As shown below, there
are interesting cases when the extra precession between
the pulses only affects the overall phase of the signal. In
such cases, the magnitude of the signal will be constant
on each contour line of o.y. Lastly, by varying dwot, for
a fixed value of wy, all values of the phase n can be swept
out for any value of w7,.
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Fig. 1. (a) The effective angle o.f as a function of normalized off-resonance frequency, 6w(1,, and normalized RF field strength, w;7,. Contour lines
for oefr = 0 are shown as dashed white lines. (b) The phase  as a function of dwyt, and w;1,. Dashed white lines are contour lines for = 0.

3. Solution for SSFP in inhomogeneous fields
3.1. Review of SSFP with near-resonance pulses

In [13] we have presented a detailed analysis of the
SSFP signal for near-resonance pulses and discussed the
dependence on diffusion, relaxation, and pulse spacing.
This analysis is applicable to the case when the field
inhomogeneity Awy is small compared to the RF field
strength, yB;. In this section we use the decomposition
of the off-resonance pulses to extend the previous SSFP
results to fully include strong off-resonance effects. With
this example, we demonstrate the utility of the decom-
position of off-resonance pulses.

As in [10,13], we consider the dynamic equilibrium
generated by a periodic stream of pulses of phase ¢ and
pulse spacing T in the case of a static gradient g. The
results extend easily to time varying gradients. We first
summarize the results from [13] for near-resonance
pulses: the magnetization between pulses can be ex-
pressed as a Fourier series in dwg. For unrestricted dif-
fusion, it has the form

M, +iM, =iy "0 E, (1), (8)
P

where 0(F) = yg - T = dw, T is the average phase ac-
cumulated between pulses. The phase factor ie' is uni-
form across the entire sample. Because it can be
compensated by a constant phase shift, we will ignore it
for the remainder of this section. The factor E,,(¢) de-
scribes the attenuation due to diffusion and relaxation
for mode p. For spins with diffusion coefficient D and
transverse relaxation time 75, it is given by

E> (1) = exp ( —t/T, — Dg**T; [pz(t/TR)

o/ + 30T ). )

The different modes p are coupled by each RF pulse with
an efficiency that depends on the pulse angle w;t,. The
resulting mode amplitudes b, of the dynamic equilib-
rium have to be calculated self-consistently. For near-
resonance RF pulses, the amplitudes b, are real and can
be written in terms of a continued fraction. As explained
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in [13], the solution of [10] in the presence of diffusion
does not properly account for the coupling between
modes. The diffusion sensitivity of the amplitudes b,
falls into different regimes [13] depending on the flip
angle, pulse spacing and relaxation times.

The phase factor for mode p, ¢!/ vanishes at
time 1 = —pTx. At these distinct times, the magnetization
of the pth mode is uniform across the whole sample,
even with a large range of Larmor frequencies, and an
echo is formed. The in-phase echo amplitude for mode p
in steady state is given by

M,(—pTr) = bpEs ,(—pTk). (10)

During the application of RF pulses, ¢ is always between
0 and T and only the modes p = 0 corresponding to a
free induction decay (FID) and p = —1 (pre-FID) are
observable. However, the higher echoes, corresponding
to the modes with p < — 2 can be reached with a stopped
SSFP experiment. In this procedure, a train of pulses is
first applied until the spins reach dynamic equilibrium.
Then the pulsing is stopped. At the end of the pulse train,
the magnetization is described by Eq. (8). Distinct ech-
oes, given by Eq. (10) with p<0, will form at time
t = —pTy after the sequence has stopped. As long as the
field inhomogeneity is large compared to 1/7; so that
Ty < T, the echoes will be well separated in time. For
highly homogeneous fields where 7, > T, instead the
echoes will overlap, but phase cycling can be used to
separate out the contributions from different nodes [16].

3.2. Extension to large off-resonance pulses

We can now extend the results of the previous section
to the case when the pulses are off-resonance. The
identity in Eq. (2) shows that off-resonance pulses can be
replaced by on-resonance pulses with a modified tipping
angle aer(dwp), given by Eq. (4), and extra precessions
of angle #(dwy), given by Eq. (5) before and after each
pulse. The solution for SSFP with off-resonance pulses is
therefore identical to the solution of SSFP with near-
resonance pulses of modified tipping angle og(dwy),
except that the phase term in Eq. (8) is modified. For
steady-state free precession with off-resonance pulses,
the average phase acquired between pulses increases
from 0 to 0 + 2n. To calculate the magnetization after
the last pulse, we also have to include the extra phase
factor ' following the final effective rotation of o.
With these changes, the magnetization immediately after
a pulse for SSFP with off-resonance pulses becomes

My My = e 3 G, (ar) By, (1), (1)
P

As before, we will assume that the overall phase factor
ie'” has been taken care of by a constant phase correc-
tion. In Eq. (11), the coefficients b, (o) are the solutions
for mode amplitudes with on-resonance pulses of tip-

ping angle o which have been determined in [13]. This
demonstrates the benefit of using the decomposition of
the off-resonance pulse, since the off-resonance problem
can be directly mapped onto an on-resonance problem.
In Eq. (11) the only dependence on the off-resonance
frequency dwy is through the parameters 0, i, and og.

The extra phase shift of 2y is equivalent to shifting
the offset frequency dwy further by 2#/7x or to shifting
the frequency of the RF pulse by —25/Tk. It can also be
thought of as adding additional precession times of
/0w, immediately before and after each pulse. During
these precessions, the effects of relaxation and diffusion
are taken to be negligible.

Diffusion leads to temporal fluctuations of the offset
frequency dwy for a given spin. Our solution properly
takes into account the effect of the resulting fluctuations
in the phase accumulated between the pulses. However,
in the mode expansion of Eq. (11), we ignore the tem-
poral fluctuations in # and a.gr and also neglect diffusion
during the application of the RF pulses. These are valid
approximations as long as the pulse width 7, is much
smaller than the spacing between the pulses 7, and the
distance diffused by spins in non-negligible coherent
pathways is much less than (ygrp)fl, the distance over
which 5 and o change significantly. We note that these
approximations are not specific to SSFP. The general
equivalence between off-resonance and on-resonance
pulse sequences is valid only if these conditions on the
pulse width, pulse spacing, and diffusion length are met.

Within these approximations, Eq. (11) shows that the
SSFP magnetization from the pth mode with off-reso-
nance pulses leads to echoes with an echo amplitude at
time ¢t = —pTy after the last pulse of

My(~pT) = €7D, () Ey o (~pT). (12)

This expression demonstrates that for off-resonance
pulses with nutation angle Qr, and offset frequency dcwy,
the magnitude of each SSFP echo is identical to the
magnitude of the corresponding echo for on-resonance
pulses of nutation angle oy given by Eq. (4). Hence the
dependence on diffusion and relaxation for the off-res-
onance and the equivalent on-resonance sequences are
identical. Compared with the on-resonance case, the
magnetization at the pth echo acquires a phase ¢, pro-
portional to the phase #:

@, = (2p+ ). (13)

Because the phase #, given by Eq. (5), only depends on
the pulse parameters dwyt, and w;1,, both 7 and ¢, are
independent of diffusion and relaxation.

4. Experimental procedure

To verify the theoretical analysis for off-resonance
SSFP, we performed stopped steady-state free preces-
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sion measurements with an experimental setup that is fringe field outside a superconducting magnet. The dif-
identical to that described in [13] and is briefly reviewed fusion coefficient of the sample is D = 2.3 x 107 m?/s.
here. A sample of water, doped with NiCl, to reduce the At the center of the sample the magnetic field strength
relaxation times to 77 = 7, = 48.1 ms, was placed in the was 41.5mT, corresponding to a Larmor frequency of
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Fig. 2. Measured in-phase (left) and out-of-phase (right) spectra of the first four echoes of stopped steady-state-free-precession experiments in
strongly inhomogeneous fields versus normalized off-resonance frequency, éwy1, and normalized RF field strength, w;t,. From top to bottom, the
four rows correspond to mode p = —1, -2, —3, and —4, respectively. The magnetization was normalized with respect to the thermal magnetization,
My, and the color code for each mode is shown on the right. In these measurements, the pulse width was set to 7, = 50 us and the pulse spacing to
Tz = 1 ms. The black lines indicate the extent of the samples along the gradient direction.
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1.76 MHz. The B field variation across the cylindrical
sample of 2cm diameter and 2 cm height, that was ori-
ented along the gradient direction, is well described by a
uniform static gradient of 131 mT/m. Effects of RF in-
homogeneities were minimized by using a comparatively
large RF solenoid coil of 4cm diameter and 10cm
length.

Stopped SSFP experiments were performed by ap-
plying trains of identical pulses for a duration of 160 ms
= 3.37;, in which time the spins have reached steady
state. At the end of the last pulse, we detected the first
four echoes corresponding to the modes p = —1, -2,
—3, and —4, respectively. In all measurements, the RF
pulses were 50 ps long. Experiments were conducted for
a range of RF amplitude settings corresponding to on-
resonance flip angles w1, between 0 and 2.22n and for
pulse spacings of 1, 2, 3, and 4 ms.

Separate experiments were performed to establish the
value of the equilibrium magnetization M, and the re-
laxation time 75 to better than 1% accuracy. The values
of the flip angles were calibrated to limit the systematic
error for the flip angles to less than two degrees.

In our experimental setup, the offset frequencies
across the sample span +£55.8kHz, corresponding to
dwot, = £5.6m. The range of dwy is significantly larger
than the RF field strength w;. Therefore, the echoes are
well separated in time and have a width of the order of
the pulse duration t,,.

5. Comparison of experiment and theory

Fig. 2 shows the real and imaginary parts of experi-
mental spectra of the first four echoes as a function of
RF field strength w;7,. In these stopped SSFP experi-
ments the pulse spacing was set to Tz = I ms. In the
Fourier transform we chose the origin of the time axis
for the |p|th echo to be |p|Tk + (|p| — 1)1, Which cor-
responds closely to the echo peak. An overall constant
phase shift was applied to the spectra for each echo.

The data show a complicated dependence on dwy and
) with significant off-resonance magnetization even for
dwy > 1. The finite size of the sample limits frequency
offsets in the experiments to [dwot,| < 5.6m, which is
indicated by black lines. On resonance, the measured
signal has only a real component, independent of the RF
field strength. Off-resonance, the out-of-phase compo-
nent becomes important. Close inspection indicates a
slight asymmetry of the spectra with respect to dwg. We
attribute this to small B; inhomogeneities and to the
frequency dependence of the thermal equilibrium mag-
netization and coil response that become more notice-
able at the low Larmor frequencies used in our
measurements. In the further analysis, we have elimi-
nated this complication to first order by symmetrizing
the magnitude of each spectrum with respect to dwy.

According to Eq. (12), the magnitude of the |p|th
echo amplitudes shown in Fig. 2 depends on dwy and w;
only through o (dwp, w) introduced in Eq. (4). Simi-
larly, the phase of the |p|th echo at time |p|Tz depends on
owp and w; only through #(dwy, w;) introduced in Eq.
(5). By changing the variables from dwy and w; to the
angles o and 7, the data of Fig. 2 should collapse onto
single curves.

This is confirmed in Fig. 3. In the left-hand column,
we have plotted the measured magnitudes of the echo
amplitudes versus o for the first four echoes. In the
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Fig. 3. Data collapse for the data shown in Fig. 2. In the left-hand
column, the magnitudes of the signals normalized with respect to the
thermal magnetization, M), are plotted as a function of ocg. In the
right-hand column, the phases at ¢ = [p|Tk, ¢,, are plotted as a func-
tion of . As in Fig. 2, results in rows 1-4 correspond to the first four
echoes with p = —1, -2, -3, and —4, respectively. In the phase plots,
the intensity of each point is weighted by the signal magnitude. The-
oretical curves are plotted as solid white lines.
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right-hand column, the measured phases ¢, at time |p| 7z
are plotted versus 5. All the data of Fig. 2 with
|0wot,| < 5.47m are included.

The data collapses in Fig. 3 are excellent for both the
magnitude and phase and for all echoes. In addition to
the collapses, the data are in full agreement with the
theoretical predictions shown as solid white lines in Fig.
3. The measured phase ¢, for the |p|th echo is well de-
scribed by (2p + 1)5, independent of relaxation and
diffusion. The magnitude of the |p|th echo is given by
|by| (et )E2 p(—pTr). The white lines for the magnitudes
are based on the solutions for b, found in [13] with on-
resonance pulses of tipping angle w11, = oerr. The finite
widths of the experimental curves for the magnitudes are
systematic and are caused primarily by residual B; in-
homogeneities.

Lastly, we demonstrate experimentally that the the-
oretical description of off-resonant pulses applies even in
the presence of significant diffusion effects. As shown in
[13], when the pulse spacing 7 is increased beyond
1/(ygv/DT3) = 2.7ms, diffusion effects become impor-
tant and lead to a decrease in signal. In Fig. 4 we show
the data collapses for the magnitudes of the first few
echoes for stopped SSFP with four different pulse
spacings and the comparisons with the theoretical re-
sults obtained with on-resonance pulses. In every case,
the data for a given echo collapse to a single curve that is
in agreement with the theoretical curve shown by the

solid line. As can be seen in the figure, the magnitude of
the echoes falls off significantly as the echo spacing is
increased and diffusion effects become important. In
contrast, the results for the phases are unaffected by
diffusion and are identical to Fig. 3 for all values of Tk.

6. Discussion and conclusions

Expressing a general rotation as the product of ro-
tations about the longitudinal and transverse axes, we
have shown that any off-resonance pulse is equivalent to
an on-resonance pulse with additional precession before
and after the pulse. Using this decomposition, the
analysis of pulse sequences in inhomogeneous fields can
therefore be mapped to the more familiar case of pulse
sequences with on-resonance pulses, even if the offset
frequency dwy is large compared to the RF amplitude
1.

In this paper, we have demonstrated this equivalence
with a detailed comparison of experimental and theo-
retical results for the case of SSFP. The magnitude of
SSFP echoes generated by a series of off-resonance RF
pulses is identical to that of SSFP echoes generated by
on-resonance RF pulses with a flip angle that is modified
from w1, to tesr(dwoT,, w17,), given in Eq. (4). In [13]
we have shown that for a given pulse spacing, the flip
angle controls the sensitivity of the SSFP pulse sequence

0.5n
et

Fig. 4. The measured magnitudes of SSFP echoes in an inhomogeneous field as a function of o for four different pulse spacings 7 as indicated in
the panels. Increasing the pulse spacing leads to enhanced diffusion effects. In each panel, the experimental data collapse onto distinct curves that are
labeled with the respective mode number p. The solid lines are theoretical results based on calculations with on-resonance pulses.
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to diffusion effects. For example, for the p = 0 mode, the
diffusion sensitivity can be described by different diffu-
sion regimes that depend on the size of the flip angle
relative to the Ernst angle, o, where cosag =
exp{—T7r/T1}. The diffusion sensitivity below og is weak,
vanishes exactly at og, and becomes large just above og.
With an extended sample in a static gradient, the range
of Larmor frequencies leads to a large range of effective
flip angles a.pr across the sample which can span differ-
ent diffusion regimes. Using a one parameter fit, the
magnetization as a function of flip angle can be used to
find the diffusion coefficient [12]. The shape of the
spectrum therefore encodes directly information on
diffusion that can be measured in a simple one-dimen-
sional experiment.

This is an example where large field inhomogeneities
can, in principle, lead to a reduction in measurement
time. With conventional near-resonance pulses, a 2-D
acquisition is required to obtain diffusion information
from steady-state sequences [12,17-19]. In contrast, with
large inhomogeneities, the same information can be
obtained from the spectrum of a 1-D experiment using a
single fixed value of B.

The equivalence concept presented in this paper is
very general: to any pulse sequence with off-resonance
pulses, including composite or shaped pulses, there is an
equivalent sequence with on-resonance pulses that has
exactly the same spin dynamics, including diffusion and
relaxation effects. The scheme is particularly powerful
for sequences with a large number of equivalent pulses,
such as the SSFP or DANTE [20] sequences. In such
cases, the modified sequences are closely related to the
original sequences: the frequency offset is mapped to a
rescaling of the pulse amplitudes. In sequences with
more than one type of pulse, the pulse amplitude and
phase of each inequivalent pulse is rescaled differently,
since ofr and n are not linear functions of the tipping
angle w;1,. As an example, the Carr—Purcell-Meiboom—
Gill (CPMG) sequence consists of two types of in-
equivalent pulses, the initial 90° pulse and the following
180° pulses. The off-resonance behavior of the CPMG
sequence can then be understood by mapping it onto the
equivalent on-resonance sequence. The resulting mag-
netization can be written as a weighted sum of the re-
sponses to on-resonance CPMG and Carr—Purcell (CP)
sequences with identical misset 180° pulses. This gives
rise to the enhanced diffusion sensitivity of the CPMG
sequence with off-resonance pulses [21].
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